To further improve the potential of full-duplex communications, networks may employ multiple antennas at the base station or user equipment. To this end, networks that employ current radios usually deal with self-interference and multi-user interference by beamforming techniques. Although previous works investigated beamforming design to improve spectral efficiency, the fundamental question of how to split the antennas at a base station between uplink and downlink in full-duplex networks has not been investigated rigorously. This paper addresses this question by posing antenna splitting as a binary nonlinear optimization problem to minimize the sum mean squared error of the received data symbols. It is shown that this is an NP-hard problem. This combinatorial problem is dealt with by equivalent formulations, iterative convex approximations, and a binary relaxation. The proposed algorithm is guaranteed to converge to a stationary solution of the relaxed problem with much smaller complexity than exhaustive search. Numerical results indicate that the proposed solution is close to the optimal in both high and low self-interference capable scenarios, while the usually assumed antenna splitting is far from optimal. For large number of antennas, a simple antenna splitting is close to the proposed solution. This reveals that the importance of antenna splitting diminishes with the number of antennas.
I. INTRODUCTION
Traditional cellular networks operate in half-duplex (HD) transmission mode, in which a user equipment (UE) and the base station (BS) either transmits or receives on a given frequency channel. Due to recent advancements in antenna and radio-frequency/analog interference cancellation techniques, full-duplex (FD) transmissions appear as a viable alternative to traditional HD transmission modes [1] . FD transmission mode overcomes the assumption that it is not possible for radios to transmit and receive simultaneously on the same time-frequency resource, and can almost double the spectral efficiency of conventional HD wireless transmission modes, especially in the low transmit power domain [1] - [3] .
Due to the developments in FD communications, multiple input multiple output (MIMO) techniques at the BS or UEs are becoming a realistic technology component of advanced wireless systems, based on both theoretical [4] - [7] and practical [8] - [10] analyses. The employment of multiple antennas with FD communications is possible using current radio components that can either transmit or receive on the same time-José Mairton B. da Silva Jr. would like to acknowledge CNPq, a Brazilian research-support agency. The simulations were performed on resources provided by the Swedish National Infrastructure for Computing (SNIC) at PDC Centre for High Performance Computing (PDC-HPC). G. Fodor was partially supported by the Wireless@KTH project Naomi. Figure 1 . An example of a multi-antenna cellular network employing FD with two UE pairs. The BS uses a subset of the antennas for UL reception (green), while the remaining (purple) antennas are used for DL transmission.
To mitigate all interferences, it is necessary to analyse the impact of splitting the set of the available antennas between UL and DL.
frequency resource, or specialized radio components equipped with a duplexer that allows antennas to transmit and receive on the same time-frequency resource [1] . An example of a cellular network employing such radios with MIMO and two single-antenna UEs pairs is illustrated in Figure 1 . Note that apart from the inherently present selfinterference (SI) from the downlink (DL) (in purple) to the uplink (UL) antennas (in green), FD operation in a cellular network must also deal with the UE-to-UE and multi-user interference, indicated by the red dotted lines between users. To mitigate the negative effects of both interferences on the spectral efficiency of the system, coordination mechanisms are needed [1] , [2] . Specifically, a key element is the splitting of UL and DL antennas, which impacts the number of available antennas for transmission and reception, as well as the characteristics of the self-interference channel, and the power level at which the UL and DL signals will be received. Consequently, it is crucial to understand how the UL/DL antennas in multiantenna full-duplex cellular networks should be split.
Most of the works in FD networks assume the antenna splitting between UL and DL antennas is already given, and aim to analyse the theoretical improvement achieved by FD [4]- [6] . Nevertheless, some works in the literature address the general topic of antenna splitting [7] , [9] , [10] . The work in [7] considers antenna selection in a bidirectional FD system with two antennas to maximize the sum rate or minimize the symbol error rate, when operating in a point-to-point single-antenna scenario. The authors in [9] analyse SI cancellation via digital beamforming for large-antennas FD communications, whose proposed solution highlights the importance of UL/DL antenna splitting and assumes a fixed splitting. Similarly, the work in [10] devises antenna splitting and beamforming to minimize the gap between demand and achievable rates. Assuming a given number of full-duplex antennas with analog cancellation into the possible splits, and no UE-to-UE interference between single-antenna UL and DL users, the proposed suboptimal algorithm splits the antennas and evaluates the DL beamforming to minimize the self-interference on receive antennas.
However, the fundamental problem of UL/DL antenna splitting in a multi-user setting, considering all interferences and distortions between UL and DL users, has not been studied. Therefore, in this work we address this limitation by proposing a combinatorial optimization problem aiming to minimize the total mean squared error (MSE) of the received data symbols. Our proposed optimization problem poses technical challenges that are markedly different from those investigated in previous works [7] , [9] , [10] . Using the inverse relation between MSE and rate [11] , we develop an original and new problem formulation based on the minimization of the sum MSE that considers the antenna assignment between UL and DL, and that exhibits high complexity. Our solution approach relies on rewriting the sum MSE as sum of quadratic and biquadratic terms of the assignment variables of UL and DL, and then resorting to a first-order approximation. Since the approximated problem is combinatorial and NP-hard, we relax the binary constraints to the hypercube, and use the framework of parallel successive convex approximation (PSCA) [12] to solve to the original problem. The numerical results indicate that the proposed solution is close to the optimal solution, while simple antenna splitting usually assumed is far from optimal. Moreover, results show that optimized antenna splitting is crucial for scenarios with low SI cancellation capability, whereas its importance diminishes as the number of antennas increases.
Notation: Vectors and matrices are denoted by bold lower and upper case letters, respectively; A H , A T , A * represent the Hermitian, transpose, and complex conjugate of A, respectively; Diag (A) is the column vector created from the diagonal of matrix A; similarly, diag(A) or diag(a) are the diagonal matrices whose elements are in the diagonal of matrix A, or composed by vector a in the diagonal, respectively. We denote by I K the identity matrix of dimension K, by 0 and 1 a vector or matrix where all elements are zero or one, respectively, and by C the complex field. We denote expectation by E{·}, the Hadamard product between matrices by A B, statistical orthogonality by ⊥, the circular complex Gaussian distribution with mean vector μ and covariance matrix Σ by CN (μ, Σ).
II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model
We consider a single-cell cellular system in which the BS is FD capable, while the UEs are HD capable, as illustrated by Figure 1 . The BS is equipped with M antennas, which can be used to serve I UL and J DL single-antenna users. In the figure, the BS is subject to SI from the DL antennas, whereas the UEs in the UL (UE u 1 and UE u 2 ) cause UE-to-UE interference to co-scheduled UEs in the DL (UE d 1 and UE d 2 ).
We let s u i and s d j denote the transmitted data symbol in the UL and DL, respectively, where both are zero mean with unit power. The transmitted power in the UL is denoted by q u i ∈ R, and the linear beamformer in the DL by w d j ∈ C M×1 . Let h u i ∈ C M×1 denote the complex channel vector comprising large scale fading, shadowing, and path-loss between transmitter UE i and the BS, h d j ∈ C M×1 denote the channel vector between the BS and receiving UE j, and g ij ∈ C denote the interfering channel gain between the UL transmitter UE i and the DL receiver UE j. All channel elements h u i , h d j , and g ij have an independent and identically distributed (i.i.d.) complex Gaussian distribution with zero mean and unit variance. Let H SI ∈ C M×M denote the SI channel matrix from the transmit antennas in DL to the receive antennas in the UL, which is modelled as Rician fading [5] , [13] . Accordingly,
where K r is the Rician factor and assumed to be 1, and σ 2 SI represents the SI cancellation capability.
The signal received by the BS in the UL, y u ∈C M , and by DL user j, y d j ∈ C, respectively, can be written as
where η u ∼ CN 0 M , σ 2 I M and η d j ∼ CN 0, σ 2 are additive white Gaussian noise at the BS and at DL user j, respectively. Notice that the second term in (1) denotes the SI, whereas the second term in Eq. (2) denotes the UE-to-UE interference caused by UL to DL users. Moreover, multi-user interference is also present, as seen in the first summation of (1)-(2).
To account for non-ideal circuits in the limited dynamic range, we consider an additional additive white Gaussian distortion signal at the transmitter and receiver [4] , which are modelled in the UL as c u j ∈ C and e u ∈ C M×1 , and in the DL as c d ∈ C M×1 and e d j ∈ C in the DL. Following previous works [4] , [6] , we define the transmitter distortions in the UL as
typically κ 1. Furthermore, the receiver distortion is modelled in the UL as e u ∼ CN (0 M , β diag(Φ u )) , e u ⊥ y u −e u , and in the DL as e d j ∼ CN 0, βΦ d , e d j ⊥ y d j − e d j , where typically β 1; y u − e u and y d j − e d j are the receiver undistorted signal in the UL and at DL user j; Φ u ∈C M×M and Φ d ∈R denote the covariance matrix and variance of the received undistorted vector in the UL and at DL user j, whose expressions are omitted due to space limitations. Note that the model characterized by the distortions closely approximates the combined effects of power amplifier noise, non-linearities in the analog-to-digital and digital-to-analog converters, as well as the oscillator phase noise in practical hardware [4] .
As illustrated in Figure 1 , the M antennas at the BS may transmit and receive, but the direction in UL or DL needs to be selected. In order to determine in which mode each of the antennas should operate in, we define two binary assignment vectors, x u , x d ∈{0, 1} M×1 , for UL and DL, respectively, such that x u i (x d j ) is equal to 1 if antenna i (j) is used on UL (DL), or equal to 0 otherwise. It is useful to transform the assignment vectors into diagonal assignment matrices, such that X u = diag (x u ) and
Consequently, we can apply X u to the received UL symbol y u , creating the effective received symbol y u = X u y u ∈ C M . Similarly, we can apply X d to the transmitted signal
Using the antenna assignment, the signal models of (1)- (2) can be rewritten in a compact form as
denote the effective UL, DL, and SI channels, respectively; η u = X u η u and e u = X u e u denote the effective noise and receiver distortion, with distributions η u ∼ CN 0 M , σ 2 X u , and e u ∼ CN (0 M , βX u diag(Φ u )X u ), respectively.
We let the received signal, y u , be linearly decoded at the BS by a filter r u i ∈ C M×1 . Similarly, the received signal of DL user j, y d j , is linearly decoded by a filter r d j ∈ C. With this notation, we can write the MSE of UL user i as
Similarly, let us define the MSE of the received symbol of DL user j as
where Ψ u i ∈ C M×M and Ψ d j ∈ C are the covariance matrix and variance of the total interference plus noise in the UL and DL, respectively, as characterized by equations (5)- (6) . Notice that the expectations are taken with respect to the transmitted symbols and noise. In the above,
The optimal MSE receiver can then be obtained by differentiating (9a) with respect to either r u i or r d j , and setting it to zero. Notice that the derivatives are taken with respect to complex numbers, and we therefore use the necessary definitions from [14, Chapter 4 ] to obtain the known minimum mean squared error (MMSE) receivers for UL and DL as
where special care must be taken in the UL, so that the inverse is taken disregarding the zero columns/rows due to the usage of X u and X d .
B. Problem Formulation
Our goal is to minimize the sum MSE of all users, with respect to UL and DL antenna assignment. We leverage the inverse relation to between user-rate and MSE [11] , to formulate the antenna assignment problem as minimize
where constraint (9b) ensures that antenna k is used in either UL or DL only. To arrive at a solution of problem (9), we first rewrite it as a sum of two quadratic and biquadratic terms. We show that the problem is complex: provided that a solution for x d (or x u ) is available, the problem is NP-hard in the remaining variable x u (x d respectively). To circumvent the biquadratic term, we transform it into a quartic term and resort to a firstorder approximation. To derive an approximate solution, we relax the binary constraint (9c) to the unit hypercube, and use the framework of PSCA [12] .
III. SOLUTION APPROACH BASED ON PSCA
The sum MSE problem (9) can be expressed as the minimization of the sum of three functions: f u (x u ), f d (x d ), and f u,d (x u , x d ), that depend on x u , x d , and jointly on x u and x d , respectively. Proposition 1 poses this formulation, whose proof is in Appendix A. Proposition 1. Consider optimization problem (9) . Then, its objective function in (9a) can be written as the sum of two quadratic functions f u (x u ), f d (x d ) and one biquadratic function f u,d (x u , x d ).
Using Proposition 1, problem (9) is equivalently stated as: minimize
subject to Constraints (9b)-(9c).
(10b) Notice that the optimal MMSE filters in (7)-(8) are used. Moreover, for fixed x d (or x u ), f u,d (x u , x d ) is quadratic in x u (or x d ). It is well-known that the binary quadratic problem is NP-hard [15] , which implies that the joint problem with variables {x u , x d } and constraint (9b) is difficult to handle.
Initially, we can decouple x u and x d by considering that x d = 1 − x u . Thus, we can write f u (x u ) and f d (x d ) as quadratic functions of x u . However, f u,d (x u , x d ) becomes a quartic function of x u . In view of making the problem tractable, we consider a first-order Taylor approximation of f u,d (x u , x d ) at a neighbourhood of x u , denoted by x u , as
which is a linear function in x u , and recall that X u = diag ( x u ).
Using the derivative expressions of tr (AXB) [14, Chapter 4] and applying the chain rule, the gradient ∇f u,d (X u ) with respect to X u is given by (12) . Since we need not approximate f u (x u ) and f d (x u ), their respective approximations are the functions themselves. Using Appendix B, we can write the approximation as a linear function of x u as:
where c is a constant that can be dropped from the optimization. Notice that the objective function in problem (10a) becomes a quadratic function of x u . Therefore, problem (10a) can be approximated as follows, where the objective function approx-
Due to the combinatorial nature of problem (14) , we resort to a binary relaxation, i.e., letting x u ∈ [0, 1] M . However, the approximation function in (11) holds for a neighbourhood of x u , and consequently requires an iterative procedure to update the function approximation until convergence. With this, we use the iterative convex approximation, PSCA in [12] , where in addition to the first-order approximation of the nonconvex function f u,d (x u , x d ), the authors include a proximal operator
to the objective function. The reason for this choice is to find a compromise between minimizing the function, and staying close to the previous iteration. Notice that PSCA is used for a single block of variables (x u ), and does not apply the parallelization allowed by the algorithm. With PSCA, we update the point to the next iteration using a constant step size rule ρ, which is proved to converge to a stationary solution and has an iteration complexity of O(1/ ) [12, Theorem 3] . With this, the optimization problem becomes
selects the one that provides the minimum sum MSE, and performs the rounding to the binary set {0, 1} (see lines [14] [15] [16] . Therefore, algorithm 1 presents a centralized solution that can be employed on the time scale of large-scale fading. The complexity of algorithm 1 is dominated by the matrix inversions (see line 7) and the solution of the optimization problem (15) (see line 8), which has O(M 3 ) worst-case complexity. Since we use L randomizations, the overall worstcase complexity is O(LM 3 ), which is much smaller than the complexity of the exhaustive search solution O(2 M ).
IV. NUMERICAL RESULTS AND DISCUSSION
In this section we consider a single cell system operating in the pico cell scenario [17] . The total number of antennas at the BS varies from M = 8, . . . , 64, and the total number of served users is I + J = 8, where we assume that I = J. The UL transmission powers q u i are set to P u max , and the beamformers w d j are randomly generated with sum power P d max and fixed throughout the algorithm. The parameters to obtain numerical results are listed in Table I .
First, we benchmark our proposed algorithm, RLX-PROX, against and exhaustive search of problem (9), termed EXH. We also compare these two solutions with a simple and common solution usually assumed in full-duplex networks, based on equal splitting of the antennas between UL and DL with x u = [1 M/2 0 M/2 ] T and x d = [0 M/2 1 M/2 ] T , referred to as SPLIT. In the following, we show the sum spectral efficiency instead of the sum MSE because of their inverse relation [11] . Figure 2 shows the cumulative distribution function (CDF) of the sum spectral efficiency of EXH, SPLIT and our proposed Figure 2 . CDF of the sum spectral efficiency with SI cancellation of −100 dB, and 8 antennas at the BS. Notice that the optimality gap between our proposed RLX-PROX and EXH is small. Moreover, there is a substantial gain of optimizing the antenna selection, since SPLIT is far from the other solutions.
RLX-PROX as a measure of the optimality gap, where a SI cancelling level of σ 2 SI =−100 dB is assumed. Notice that the difference between EXH and RLX-PROX is small, where at the 50th percentile the relative difference is approximately 12 %. Moreover, the gain provided by assigning the antennas using the proposed RLX-PROX instead of the simple SPLIT is approximately 23 %, and of 32 % when compared to EXH. Figure 2 clearly shows that smart antenna assignment solutions for UL and DL antennas provide substantial gains to full-duplex communications. Figure 3 shows the average sum spectral efficiency of EXH, SPLIT and the proposed RLX-PROX, assuming different SI cancelling levels, averaging over 600 Monte Carlo iterations. We observe that our proposed solution RLX-PROX maintains a high average sum spectral efficiency and close to the optimal EXH for different SI cancellation capabilities. RLX-PROX and EXH maintain approximately the same average sum spectral efficiency for different SI cancellation capabilities, with a slight increase with a reduced SI capability. This behaviour is explained by the possibility of adapting the antenna assignment to the reduced SI capability in RLX-PROX and EXH, which reduces the impact caused by the DL users into UL users. Notice that the performance of SPLIT decreases as the SI cancellation capability decreases, showing that antenna assignment between UL and DL is crucial for low SI cancellation. Figure 4 shows the average sum spectral efficiency of SPLIT and the proposed RLX-PROX, assuming an increasing number of antennas at the BS, fixed number of users, and SI cancelling level of σ 2 SI =−100 dB. The optimal solution EXH is not present because it has extremely high complexity with a large number of antennas. Notice that the gap between RLX-PROX decreases when increasing the number of antennas. For example, the gap decreases from approximately 23 % when using 8 antennas, to approximately 3 % when using 128 antennas. This behaviour implies that the role of antenna assignment is small when the number of antennas is large.
Therefore, antenna assignment between UL and DL antennas (that is splitting UL/DL antennas) provides substantial gains for reduced number of antennas, for high and low SI cancellation capabilities. When the number of antennas is high, a simple antenna splitting is close to an optimized antenna assignment.
V. CONCLUSION
In this paper we considered the fundamental problem of splitting UL and DL antennas of a base station in full-duplex cellular communications. Specifically, our objective was to minimize the sum MSE as a means of maximizing the sum spectral efficiency of UL and DL users. This problem resulted in a binary nonlinear optimization problem, which is NP-hard. Due to its combinatorial nature, we resorted to equivalent formulations, parallel successive convex approximation, and binary relaxation to obtain a stationary solution. The proposed solution is guaranteed to converge to the relaxed problem with much smaller complexity than exhaustive search. The numerical results showed that the proposed solution improved the sum spectral efficiency of a simple antenna splitting, while being close to the optimal exhaustive search. We showed that antenna splitting is crucial when we have reduced number of antennas, in which case our solution maintained a similar sum spectral efficiency across low and high SI cancellation capabilities. For high number of antennas, a simple antenna splitting achieved a performance close to our proposed solution, which showed that the role of antenna splitting diminishes as the number of antennas increases.
For future works, we intend to study the impact of joint beamforming, power allocation along with UL and DL antenna assignment using single-and multiple-antennas at the user side.
